LETTERS

The purpose of this Letters section is to provide rapid dissemination of important new results in the fields regularly covered by Physics of Fluids
The Lagrangian flow around a Kida vortex [J. Phys. Soc. Jpn. 50, 3517 (1981) ], an elliptical two-dimensional vortex patch embedded in a uniform and constant background shear, is described by a nonintegrable two-degree-of-freedom Hamiltonian. For small values of shear, there exist large chaotic zones surrounding the vortex, often much larger than the vortex itself and extremely close to its boundary. Motion within the vortex is integrable. Implications for two-dimensional turbulence are discussed.
In recent years our understanding of incompressible two-dimensional turbulence at very high Reynolds numbers has been revolutionized by the advent of high-resolution numerical simulations 1-5 which have shown that an initially turbulent vorticity field evolves into one composed of a few isolated strong vortices moving in an extremely convoluted mass of weak vorticity filaments, whose dynamics has been demonstrated to be similar to those of a passive scalar.
4 Recent computations by Dritschel and Legras 6 indicate that coherent structures formed in two-dimensional turbulence tend to be rapidly stripped of the outer layers of vorticity, leaving very steep vorticity gradients. The Kida 7 vortex, a single inviscid elliptical patch of vorticity superimposed on a constant uniform background shear (rotation plus strain), is a simple model for an isolated vortex in the field of other distant vortices. In this Letter we present results on the Lagrangian flow in the velocity field of Kida vortices.
The problem of an elliptical patch of uniform vorticity superposed on a background with uniform vorticity and strain was investigated by Moore and Saffman,8 who discovered stationary solutions, and later generalized by Kida, 7 who showed that, in the presence of a background streamfunction given by (1) where wand s are, respectively, the nondimensional 9 background vorticity and strain, an initially elliptical vortex retains its elliptical shape for all times. The aspect ratio A ( 0 < A < 1 ) of the vortex and the angle q; between the major axis ofthe vortex and the x axis evolve in time according to (3) is nonlinear and explicitly time dependent; therefore one expects to find instances of deterministic chaotic advection. 13.14 Although several examples are now known of chaotic mixing in twodimensional (2-D) inviscid flows due to time-dependent Eulerian streamfunctions composed of combinations of point vortices, 14.15 we believe this to be the first example of chaotic advection resulting from afinite-area vortex whose velocity field is continuous in both space and time. In order to numerically integrate (3), we have found it convenient to express the position of a fluid particle in terms of elliptical coordinates (p,{}) rotating and stretching with the vortex itself. The transformation between the latter and the fixed Cartesian coordinates (x,y) is given by x = c cosh p cos. {} cos q; -c sinh p sin {} sin q;, y = c cosh p cos {} cos q; -c sinh p sin {} sin q;, (4) where c 2 = (1 -A. 2) /11.. Since the analytical form of t/J v is given in terms of (p,{}) and since the inversion of (4) is complicated, we have chosen to integrate the variables (p,{})-instead of (x,y) . Using (1), .(3), and (4), one shows, after some algebra, that the evolution equations for p and {} are given by dp Thus, instead of solving (3) directly, we have studied the equivalent two-degree-of-freedom Hamiltonian problem constituted by (2) and (5), which we have integrated numerically using the Bulirsch-Stoer algorithm 16 with relative accuracy of 10-11 per time step.
Notice that when s = 0 the ellipse rotates with angular velocity OK + q)w with a constant aspect ratio; this is a Kirchhoff vortex, for which the fluid motion is integrable. The corotating streamfunction of the Kirchhoff vortex possesses two hyperbolic critical points 17 located along the major axis on either side of the ellipse, as well as two elliptic critical points (designated "ghost vortices" by Melander et al. 18); these are easily obtained as the stationary solutions of (5). In the presence of a small strain the Hamiltonian becomes time dependent. As is expected from the theory of perturbed Hamiltonian systems, the chaotic regions appear first around the separatrices connecting the hyperbolic points. A remarkable result is that even small values of scan result in large chaotic zones. These chaotic zones may be exhibited by computing surfaces of section, obtained in this problem by strobing the particle trajectories at the period of 124 Phys. Fluids A, Vol. 2. No.2, February 1990 Another particularly interesting finding is the unexpectedly large size of the chaotic zones for background strain and vorticity values in the vicinity of Iwl = lsi; this region corresponds to a background flow that is a simple shear (an unbounded Couette flow). An example is presented in Fig. 2 , where a surface of section for the case w = 0.5, s = -0.5, and A. = 0.8 at q; = 0, for which the background velocity is purely zonal and linear in y [cf. (1)]. This configuration may be of considerable geophysical importance, since several examples of strong isolated coherent vortices embedded in shear flows have been observed in planetary atmospheres.
The size of the chaotic zone grows with the amplitude of the periodic contraction-expansion cycle of the vortex; the Moore and Saffman solutions have no chaotic zones since the Hamiltonian is time independent. For a given amplitude of the (q;,A.) motion, the size of the chaotic zones generally increases with increasing s at fixed w, and when lsi> Iwl the chaotic zones can open to infinity (e.g., see Fig. 1 ). We have found that, for w = 0, the "residence time" (Le., the time before the particle escapes from the vicinity of the vortex and is carried away by the strain field) becomes extremely short-on the order of the period of the (q;,A.) The presence of these chaotic zones could well provide a mechanism for the recently observed 10 extremely complicated behavior of the vorticity filaments that are generated during the evolution of perturbed Kida vortices. We show, in Fig. 3 , the evolution of a patch of dye (i.e., passive tracer) composed of 5 X 10 3 particles, initially situated in a small region covering the hyperbolic stagnation point located just outside a vortex (here m = 0, s = 0.03, and A = 0.4 at qJ = 0). Chaotic advection produces a large amount of mixing that spreads the dye over a broad region after only a few rotations of the vortex, even for such a small value of the background strain.
In a recent study of high-Reynolds-number two-dimensional turbulence, Benzi et al.,5 have shown that the regions of greatest local exponential divergence of Lagrangian trajectories are found surrounding the strong coherent monopolar structures that emerge spontaneously from the initial~ ly turbulent vorticity field. These vortices are eventually well separated and the motion in their interior is very coherent, 5 but each one undoubtedly experiences the shear induced by the other strong vortices present in the flow. Though the observed time scale for local exponential divergence is not much smaller than the characteristic time scale for changes in the local background vorticity and strain at each vortex, 5 the Kida vortex with a time-independent background flow is not an unreasonable first model for the coherent structures in 2-D turbulence. Our study has shown that vortex patches in this model are often surrounded by large chaotic zones with rapid mixing, even for relatively small background shears, and that their interior is integrable. These facts are consistent with the observed stable motion inside the vortices and the presence of these large chaotic zones provides considerable insight into the observed enhanced local exponential divergence around the coherent structures. Our study suggests that the complicated behavior of the low-level, essentially passive,4 filamentary vorticity continuum that coexists with isolated coherent structures in highReynolds-number 2-D turbulence may result from chaotic advection and mixing induced by the coherent vortices.
